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The acceleration of the expansion of the universe arises from unknown physical processes involving 
either new fields in high energy physics or modifications of gravitation theory. It is crucial for our 
understanding to characterize the properties of the dark energy or gravity through cosmological 
observations and compare and distinguish between them. In fact, close consistencies exist between 
a dark energy equation of state function w{z) and changes to the framework of the Friedmann 
cosmological equations as well as direct spacetime geometry quantities involving the acceleration, 
such as "geometric dark energy" from the Ricci scalar. We investigate these interrelationships, 
including for the case of superacceleration or phantom energy where the fate of the universe may 
be more gentle than the Big Rip. 



I. INTRODUCTION 

The acceleration of the expansion of the universe poses 
a fundamental challenge to the standard models of both 
particle physics and cosmology. In both cases addition of 
an unknown physical component, called dark energy, or 
modification of gravitation, possibly arising from extra 
dimensions, is required. Most attention has been paid to 
dark energy as a high energy scalar field, a physical com- 
ponent contributing a presently dominating energy den- 
sity, characterized by a time varying equation of state. 
But acceleration is fundamentally linked to gravitation 
through the Principle of Equivalence and changes to the 
framevirork of the Friedmann cosmological equations gov- 
erning the universal expansion would play a natural role. 

Observations from next generation cosmological probes 
will map the expansion history a{t) at 1% precision, offer- 
ing the possibility of characterizing the physics responsi- 
ble for the acceleration. This can be used to test specific 
models inspired by unified physics involving string the- 
ory, supergravity, extra dimensions (e.g. braneworlds), 
or scalar-tensor gravity, say. Alternately, one can derive 
general parametrized constraints on the expansion his- 
tory and propagate these through into quantities such as 
an effective dark energy equation of state, extra terms in 
the Friedmann equations, or spacetime geometry charac- 
teristics. 

Not only the magnitude of the constraints but the in- 
terpretation of them is important. We investigate to 
what extent one can use a common parametrization to 
describe these very different areas of new physics, and 
conversely how they can be distinguished. In we 
briefly review dark energy as a scalar field component 
of the universe. A general modification of the Fried- 
mann equation is analyzed in ijllll We examine in WV\ 
the fundamental and general relation between accelera- 
tion and spacetime geometry, specifically involving the 
Ricci scalar, to motivate modifications of gravitation as 
a possible source of the acceleration - "geometric dark 
energy". In f|V]wc address the issue of superacceleration 
and whether this leads to a Big Rip. We conclude in 
WVI\ with thoughts on future prospects for understand- 
ing how cosmological observations will lead us to specific 



new physics. 



II. PHYSICAL DARK ENERGY 

With the discovery of the acceleration of the cosmic ex- 
pansion 0,0, physicists tended to interpret this in terms 
of a new physical component of the universe - dark en- 
ergy - possessing a substantially negative pressure. This 
is perhaps not surprising since models involving the cos- 
mological constant had been under consideration and the 
effects of generalized pressure to energy density ratios, or 
equations of state, on cosmological observations had been 
worked out, e.g. [1,^|5{. Yet, as is well known, the cos- 
mological constant can be viewed as belonging to either 
the right hand, energy-momentum tensor, side of Ein- 
stein's field equations or to the left hand, spacetime ge- 
ometry or gravitation side. Still, in analogy to inflation 
theory, the observations were treated as a high energy 
physics scalar field cj) with a potential V{(p), often called 
quintessence. 

We here briefly review the essentials so as to later com- 
pare and contrast the treatment of gravitation as the 
source of the acceleration. Dark energy as a physical 
component possesses an energy density and pressure 
both generally functions of time t, or equivalently 
cosmic scale factor a or redshift z = a'^ - 1. The equa- 
tion of state ratio is defined to be w^{z) — Pijj/p^,. The 
cosmological constant is special in possessing = — 1, 
which ensures that its density and pressure are constant 
in both time and space. 

Like the matter or radiation components of the uni- 
verse, dark energy is generically globally homogeneous 
and isotropic. However, in order for dark energy to dom- 
inate the energy density of the universe today, but not in 
the past, in accordance with observations, it must have 
an effective mass m ~ \/V^ ~ Hq ^ 10"^"^ eV, where 
Hq is the expansion rate today, the Hubble constant. 
This implies that on scales smaller than the horizon size 
the dark energy is smooth and unclustered, while on 
larger scales it possesses inhomogeneities. This dumpi- 
ness is important observationally in only restricted cir- 
cumstances, such as for the growth of matter density 
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perturbations on near horizon scales. 

For cosmological observations of the expansion his- 
tory, e.g. distances and cosmography, and of the growth 
of matter perturbations on subhorizon scales, the dark 
energy is simply characterized by its energy density 
(equivalently its fractional contribution to the critical en- 
ergy density ^^{z) = 8ttp^/3H'^) and equation of state 
ratio w{z). The evolution of the energy density follows 

/ \ 3 dlna[l+w{a)] n 

so only the equation of state ratio and the present den- 
sity enter. For a spatially flat universe, the present di- 
mensionless dark energy density is related to the matter 
density by fi^ = 1 — 

From the equation of state function one can recreate 
the high energy physics Lagrangian of the field in terms 
of its potential and kinetic energies: 

V{^) = (2) 
K = \'}^'^\il + w)p^ (3) 
0(a) = Jda^^ = J d\naH-^V2K, (4) 

where the last line allows translation from the expansion 
factor to the value of the scalar field. Thus w{a) really 
is the central, determining quantity. 

Note that the equation of motion of the field (j>, the 
Klein-Gordon equation, follows easily from the continuity 
Friedmann equation: — ~3H{p^ + p^) = —6HK. 
Since pij, = K + V ~ (jxj) + V'(j>, where prime denotes a 
derivative with respect to the field, we obtain the relevant 
equation 

^ + 3H^^ ~V'. (5) 

It is often convenient to devise a tractable and model 
independent method of assessing the ability of specific 
models to reproduce the observations. Parametrization 
of w{a) in a two dimensional phase space suits this well; 
there exist many possibilities but one of the simplest, 

w(a) = Wo + Wa (1 - a), (6) 

has good success in fitting a variety of scalar field the- 
ories, especially those with slow variation (of order the 
Hubble time) in the equation of state. While there is no 
requirement that the scalar field partakes of the charac- 
teristic time scale of the Hubble expansion, many classes 
of models do. Furthermore, a reasonable fit to w{a) is 
only truly needed over the limited redshift range when 
the dark energy has significant dynamical influence, so 
eq. © is widely applicable. 

For a best fit, Wa is often taken to correspond to the 
time variation in the equation of state at redshift z — 1, 
approximately when dark energy is expected to become 
significant. That is, w' = —dw/dlnalz^i = Wa/'2- One 



could also imagine using a different "pivot redshift" to 
define wq and Wa, perhaps that at which the two pa- 
rameters are decorrelated. However in a coarse sense 
this is still mathematically equivalent to eq. ^ and in 
a fine sense this disrupts the model independence of the 
parametrization in that the pivot location will depend 
on the specific model and on the cosmological method of 
probing it. 

The theory of deriving constraints on the dark energy 
equation of state from a variety of cosmological probes 
has been well addressed, including aspects of parameter 
degeneracies and probe complementarity, as well as opti- 
mization of observations (e.g. 0, S B 0. 113 ) ■ Data from 
next generation precision cosmolo gy s urveys, for exam- 
ple KAOS Til, LSST 12], Planck^, SNAP Ti], etc., 
should be plentiful and in complementarity capable of de- 
termining wq and Wa within la uncertainties of roughly 
0.05 and 0.15 respectively. 

Key clues to the fundamental physics responsible for 
the acceleration lie in whether wq is more negative, more 
positive, or consistent with the value —1 and whether 
Wa is negative, positive, or consistent with zero. Mea- 
surements consistent with wq = —I, Wa ^ would pro- 
vide circumstantial support for a cosmological constant 
origin, perhaps simply because it is the simplest model, 
but would also give motivation to look for large scale 
inhomogeneities in the scalar field since those, possibly 
in the guise of a sound speed < 1, would provide a 
definitive distinction from the cosmological constant. Of 
course conversely, values incompatible with the cosmo- 
logical constant do not rule out its existence, only that 
its potential energy must be smaller than that of the 
dominant scalar field. 

Even with tightly constrained values of a few charac- 
teristics of the equation of state function, such as wq 
and Wa, we will not narrow the field to a specific model. 
Most potentials have multiple parameters and can cover 
a swath of such a phase space. What the forthcoming 
observations will tell us is that certain classes of mod- 
els are restricted to some parameter range, and other 
classes are restricted to another parameter range (possi- 
bly approaching the limit of a simpler model, such as the 
cosmological constant). Naturalness and motivation by 
theory will be needed to winnow the results to a theory 
of new physics. 

But have we been overly narrow in our expectations, 
by interpreting the observations in terms of a physical 
component arising from high energy physics? Might the 
acceleration instead signal new physics from a change in 
the form of the cosmological expansion equations rather 
than a change in the ingredients going into them? 



III. MODIFICATIONS OF THE FRIEDMANN 
EQUATIONS 

Looking to extensions of general relativity for an expla- 
nation of the accelerating expansion has several attrac- 
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tive features. It does not require introduction of hypo- 
thetical scalar fields (e.g. quintessence), yet may possess 
close ties to high energy physics such as string theory or 
extra dimensions; it does not obviously suffer from fine 
tuning problems necessarily (e.g. the Ricci scalar natu- 
rally evolves; development of density nonlinearities could 
induce backreaction on the expansion); and it is emi- 
nently testable by a number of independent cosmological 
measurements. 



A. General Approach 

To test the framework of our cosmology theory we 
should impose prior expectations of the form of a modi- 
fication as lightly as possible. We have good evidence for 
the presence of matter density in the universe, from both 
baryons and dark matter, neither of which can accelerate 
the expansion, and strong evidence from the cosmic mi- 
crowave background anisotropy measurements that the 
universe is consistent with being spatially flat. Taking 
that as the extent of our knowledge, we can parametrize 
our ignorance of the physical cause of acceleration with 
an arbitrary additional term in the Friedmann expansion 
rate equation: 



/ Hq — ri„i (1 



(7) 



Note that such a phrasing is more general than a 
parametrization in terms of the matter density exclu- 
sively, such as — f{p)- While the latter can easily 
be reduced to the form of eq. Q by means of taking 
SH^ = f{p) — Sttp/S, the converse is not true. Indeed, 
the f{p) approach cannot deal with simple time varying 
dark energy models with nonzero Wa- 

Linder & Jenkins jl5j showed that the general form 
eq. was mathematically equivalent to a time variable 
dark energy equation of state function 



ld\n{5H^/Hl) 



(8) 



as far as cosmography. That is, observations of the ex- 
pansion rate and distances alone could not distinguish 
between these possibilities. This degeneracy might be 
broken, however, through other information such as the 
growth rate of matter density perturbations, as discussed 
below. 

In addition to the effective equation of state we can 
write down other effective "high energy physics" charac- 
teristics of the modified gravity theory. The total equa- 
tion of state of the universe follows immediately from the 
continuity Friedmann equation, p = —3H{p + p), to give 
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The corresponding potential and kinetic energies of the 
effective field come from eqs. CPl-®: 



V = 3 Hi d{5H^/Hl) 

Stt IGtt dln(l + z) 



(10) 



K = 



167r dln(l + z) ' 



(11) 



Note that this is useful as well for treating dark energy 
models with multiple fields; if there are two components 
(after all, if we discover that w ^ —\ this does not guar- 
antee there is not still a cosmological constant present) 
then the effective equation of state is a weighted average. 
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where SHf is the energy density of the ith field. 

Various extensions of the Friedmann equation have 
been considered in the literature. For example, {16i | con- 
sider a term SH^ ~ iJ", motivated by infinite scale extra 
dimensions - a "bulk" encompassing our 4-d "brane" . We 
initially examine two gravitational source models that 
lie toward the extremes of present data on the equa- 
tion of state. The first model is the extra dimensional 
braneworld "leaking gravity" model |l7j . Here the modi- 
fication to the Friedmann equation arises from a crossover 
length scale related to the 5-dimensional Planck mass; 
on larger scales the gravitational force felt in our 4- 
dimensional brane is reduced. This typically has an ef- 
fective equation of state more positive than —1 (and cor- 
responds to a = 1 above). The second is the vacuum 
metamorphosis model of jl8| . originating from a conver- 
gent sum of quantum vacuum contributions of a light 
scalar field coupled to the Ricci scalar curvature. This 
very elegant approach leads to a rapidly evolving effective 
equation of state that is more negative than —1. To the 
extent currently possible these models have some definite 
physical motivation for their modifications. 

We mentioned above that kinematics, i.e. cosmogra- 
phy, would not distinguish between these or other such 
modifications and dark energy, by virtue of eq. © , but 
that dynamical probes such as the growth of structure 
might break this degeneracy. Let us investigate this fur- 
ther, both in general terms and with the specific models 
mentioned. 



B. Role of Complementary Probes 

For the growth of structure, it is not only the charac- 
teristics of the global, homogeneous and isotropic, uni- 
verse that enter but the more microphysical properties 
of the components themselves. Thus sound speed of the 
dark energy field or interactions with dark matter could 
give information separate from that contained within 
the equation of motion governing the cosmic expansion. 
However, for our present case, we are trying to distin- 
guish modifications of gravity from canonical physical 
dark energy; if we restrict ourselves to gravitation models 
obeying the Principle of Equivalence and minimally cou- 
pled to matter and nothing else then there are no such 
microphysical parameters that could break the degener- 
acy. Then all that enter the perturbation growth are the 
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Hubble drag term depending on H(z) and the dynami- 
cal evolution of the matter density, also determined by 
H{z). For a contrasting view of the braneworld model 
with a time varying Newton's constant, see If the 

dynamics is limited in this way we should expect that 
if we define a modified Friedmann equation and associ- 
ated effective equation of state as in eqs. (01, (jHl then 
we cannot distinguish the gravitational origin from the 
particularly crafted dark energy model. 

However, note that while there is a formal correspon- 
dence between a modification SH^ and an equation of 
state w{z), one might expect the resulting function to be 
so complicated that one would be reluctant to ascribe it 
to a physical dark energy. On the other hand, the modi- 
fication may be amenable to quite a simple dark energy 
fit. We examine this for our two test models. 

For a flat braneworld model, the crossover scale Tc de- 
fines an effective energy density f2;,„, = (1 — $l,„)^/4 = 
1/(4^0^2) and 



SH^H^ = 2r!b,„ + 2^/n^^n,n{i + zf + nb^. (13) 

The cosmography in the form of the supernova 
magnitude-redshift relation is excellently fit"'^ by the sim- 
ple dark energy model of {wo,Wa) = (—0.78,0.32). We 
take both models to have the same matter density, = 
0.28. 

For the vacuum metamorphosis model, the cosmic ex- 
pansion causes the quantum vacuum to undergo a phase 
transition at a redshift Zj away from the matter domi- 
nated behavior. So the modification to the Friedmann 
equation goes from zero at high redshift to 

SH'^/H^ = (1 - mVl2)(l -I- z)^ + mVl2 - fl^il + zf, 

(14) 

for z < Zj, where Zj ~ [ni^ / — 1 and = 
3f)™[(4/m2) - (1/3)]-^/-*. For f7„ = 0.28, = 10.93 
and Zj = 1.35. Despite the rapid evolution in the effec- 
tive equation of state, the magnitude-redshift relation is 
excellently fit by {wo,Wa) = (—1,-3). Note that this 
is a physical model for an effective phantom energy, i.e. 
where ?« < — 1. 

Does the dynamical probe of the growth of matter den- 
sity perturbations preserve the degeneracy between the 
gravitational source and the high energy physics (dark 
energy) source for accelerating expansion? Figure ^ em- 
phatically affirms this. While the growth evolution of 
either of the models is readily distinguishable from a cos- 
mological constant universe, the models cannot be sep- 
arated from their dark energy counterparts. (One could 
equally well have first fit the growth history and then 
looked for deviations in the magnitude-redshift curves.) 



^ Here and in the rest of the paper we mean specifically that the 
dark energy model reproduces the modified gravity results to 
within 0.01 mag over the redshift range 2 = — 2. 



Note that the braneworld scenario, with its more pos- 
itive equation of state, shuts off growth earlier since its 
infiuence on the expansion was greater at early times, 
while the vacuum metamorphosis model shows increased 
growth even compared to the cosmological constant case, 
as generically expected for w < — 1 models. Recall that 
the linear mass power spectrum is proportional to the 
square of the growth factor, so the models differ ^ 25% 
in power amplitude from the cosmological constant. 
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FIG. 1: The growth factor behavior S/a for two modified grav- 
itation models is compared with that of dark energy models. 
A clear distinction can be seen relative to the cosmological 
constant. A, model, but simple time varying dark energy mod- 
els (short dashed, red curves) can be found that reproduce the 
modified gravity. 

If we normalize to the present amplitude of structure 
(this would roughly correspond to normalizing the power 
spectra of the different models by the present mass vari- 
ance as rather than to the high redshift CMB power) the 
situation does not change. Figure|21plots this in the form 
of the gravitational potential of the mass perturbations. 
Again the gravity and dark energy models lie virtually on 
top of each other. To indicate a measure of the ability of 
cosmological observations to distinguish models, for the 
cosmological constant case we show the effect of variation 
in flm by ±0.02 (dotted lines). 

The parametrization in terms of dark energy variables 
wq, Wa is nearly the simplest possible, but it is highly suc- 
cessful in mimicking the more complicated gravitational 
modification. The possibility of discriminating between 
dark energy and gravity would be even worse for either a 
more complicated dark energy ansatz or a nonparametric 
analysis in terms of the expansion history a{t) or density 
history p{t) directly. Correlations between cosmological 



5 



1.5 



1.4 



gl-3 
■>-i 
o 
o, 

c 

.2 1.2 



1.1 



- 


Braneworlcl_-— - 


- 


/ . eosrjLDlogtcaT'constant 




Vacuum metamorphosis 







Redshift z 

FIG. 2: The gravitational potential ^(^z) for the same models 
as Fig.0is plotted vs. redshift, showing the decay of the po- 
tential as the expansion accelerates. Dashed, red curves are 
for the mimicking (uiq, Wa) models. The dotted outliers to the 
cosmological constant curve show the deviation expected by 
a misestimation of the matter density Q.m by 0.02. The dis- 
crimination of modified gravity from a cosmological constant 
is clear, but from the fit dark energy models is problematic. 



quantities tend to dilute the precision of the nonpara- 
metric approach relative to the equation of state fit by 
roughly a factor of 2, e.g. 0.02 mag or 1% distance mea- 
surements reconstruct the expansion history to only 2% 
precision |2(| . 

Another possible cosmological probe is the CMB tem- 
perature power spectrum. This is primarily dependent 
on dark energy or low redshift modifications of the Fried- 
mann equation through the geometric quantity of the dis- 
tance to the last scattering surface. However it is gener- 
ally not nearly as sensitive to the equation of state as the 
supernova magnitude-redshift data. In any case, the dis- 
tances to the last scattering surface agree between each 
gravity model considered and its corresponding dark en- 
ergy version to 0.1%, below what Planck will be able to 
achieve. 



C. Discrimination from A 

While the degeneracies exhibited between the two 
gravity models and their dark energy matches are quite 
interesting, data favors an effective equation of state 
closer to w — —1. However, the braneworld model can 
only supply this for matter densities f2m ^ 1- For ri,„ = 
0.28 its rough, averaged equation of state is iZ; « —0.7 



while that for vacuum metamorphosis is u) « — 1.3. Sup- 
pose future data continues to narrow in around the value 
w — —\\ are there gravitational modifications that may 
be confused with a cosmological constant fit? 

We devise additional terms such that they mimic 
dark energy near the cosmological constant value. These 
modifications to the Friedmann expansion equation are 
essentially ad hoc, though they bear some functional re- 
semblance to physics models such as braneworld and k- 
essence tachyon field scenarios (cf. |^ ) • 



Case 1 : 


ij2 = 


(8V3)p + V^' + B'/p 


Case 2 : 




(8V3)/5 + + S'p 


Case 3 : 


i/2 ^ 


(8V3)/5 + V^V + B'/p 



(15) 
(16) 
(17) 



These are universes with matter density as the only 
physical component dynamically important today, but 
with modifications to the Friedmann expansion equa- 
tion. By evaluating these expressions at the present, 
one derives an expression for the constant A' in terms 
of B' and ri,„, so there are only two free parameters. 
It is convenient to define a dimensionless quantity, B = 
B'{8Tr/3H^) in Cases 1 and 3 or B = B'{S/8ttH^) in 
Case 2. 

Case 1 has the property that the effective dark en- 
ergy equation of state ranges between w G [—3/2,-1]. 
At high rcdshifts, w ^ — 1 and today ?i;(0) = — 1 — 
B/[2n„,{l - Qm)^] w -1 - SAB. For case 2 the range is 
we [—1, —1/2], with the value evolving from w = —1/2 
at z » 1 to —1-1-0.27 5 today. The relatively large value 
of w at early times is likely to interfere with structure for- 
mation. Very roughly. Cases 1 and 2 are milder versions 
of the vacuum metamorphosis and braneworld scenarios, 
respectively. 

Case 3 is intriguing in that w E [—3/2, —1/2], crossing 
the cosmological constant value of —1. Thus one might 
imagine that this model could mimic on average the cos- 
mological constant at recent times - and is worth study- 
ing in detail. Unfortunately, the transition between its 
asymptotic values is quite sharp owing to the difference 
of six powers of the scale factor in the two terms in the 
square root. One could adopt a wholly ad hoc model con- 
taining -\/ A'p°' + B' p^^ but we would likely learn little 
physics motivation. Instead we keep Case 3 as is and use 
it as an interesting, if extreme, test case to investigate 
model degeneracy. Because of its rapid transition, if this 
model can be well fit by a simple dark energy model then 
much less radical forms likely will be as well. 

In this phenomenology we walk a fine line: if w > — 1 
by too much, the model will be uninteresting since it is 
easily ruled out by observations, but if w w —1 then 
the modification is too strongly degenerate with simple 
physical dark energy models to probe physics well. Ob- 
servations are less stringent on ruling out models with 
w < —1, so these are useful to explore further, and if 
they cross through the interesting w = —1 value then 
their time averaged equation of state may well satisfy fu- 
ture constraints. Thus Case 3 allows investigation of the 
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extent to which distance and growth probes can break 
degeneracies between classes of physics responsible for 
the acceleration. 

We first consider for which values of the parameter B 
we can fit the data for the least sensitive dark energy 
probe: the CMB measurement of the distance to the last 
scattering surface. If we require the distance to match 
the distance in the cosmological constant case to a cer- 
tain precision, then we obtain upper limits to B in Cases 
1 and 2, and a range in Case 3. This is because in Cases 1 
and 2 the value B — corresponds exactly to the cosmo- 
logical constant, so these cases will never be fully ruled 
out under our assumption that the true model is that of 
the cosmological constant A. However Case 3 is distinct 
from a A model throughout its parameter space. 

Figure 13 illustrates the allowed parameter space for 
the case of WMAP precision: the last scattering surface 
distance diss known to 3.3% (Icr). For Case 1, the area 
between the long dashed curve and the dotted curve at 
w = — 1 is allowed, corresponding to _B < 0.427. For 
Case 2, the area between the short dashed curve and 
the dotted curve at w = — 1 is allowed, corresponding to 
B < 0.144. Note that in both cases the allowed effective 
equations of state are fairly slowing varying functions of 
redshift, so we expect ease in fitting them to a (wQ^Wa) 
dark energy model and difficulty in discrimination from 
the cosmological constant with whatever probe for B <^ 
1. So we will not consider them further. In Case 3, 
the CMB data would restrict the model to have 0.099 < 
B < 0.145, with a perfect match of the distance for B ~ 
0.131. Nevertheless, the equations of state clearly do not 
resemble that of the cosmological constant, and have a 
strong time dependence. (Note that Planck precision of 
0.7% would limit B to between 0.126 and 0.135). The 
CMB distance to last scattering, normally thought fairly 
insensitive to time variation, can put tension on regions 
of parameter space for these time varying models. 

Next we apply the supernova magnitude-redshift and 
growth tests to the models given by Case 3 and see to 
what extent these can distinguish the gravitational model 
from the cosmological constant, or from the best fitting 
effective dark energy model. All of these gravity models 
can be distinguished from the cosmological constant, A 
model through the magnitude-redshift probe; the mag- 
nitude differences range from 0.1-0.2. It is not easy to 
mimic the cosmological constant behavior with a modifi- 
cation SH^ except as 6H^ — > A. 

However this is a separate issue from whether the mod- 
ification matches some dark energy model. In general the 
degeneracy between a gravitational source and effective 
dark energy model remains. We find excellent fits by the 
simple {wQ,Wa) parametrization as follows: B = 0.099 
corresponds to {wo,Wa) — (—1.12,1.2), B — 0.131 to 
(-1.49,1.64) , and B = 0.145 to (-1.52,0.2). Recall 
that w' ~ Wa/'i- The model that exactly reproduces the 
diss for the A {w' — 0) model has a w' ~ 0.8! 

Again, the growth of matter perturbations does not 
break the degeneracy, as seen in Figure 0] Gravity mod- 
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FIG. 3: The effective equations of state corresponding to the 
modified Friedmann equations 1151171 are plotted vs. red- 
shift. The parameter space allowed under CMB constraints 
for Cases 1 and 2 lie between the respective curves shown 
and the «; = — 1 line, i.e. they can mimic a cosmological con- 
stant arbitrarily closely. Case 3 curves (labeled by value of 
B) can fit the CMB distance of the A model with much more 
strongly varying equations of state, lying between the left and 
right solid curves, with a perfect fit given by the middle solid 
curve. 



els can be distinguished from each other, and dark energy 
models from each other, but the mapping to the effective 
equation of state holds firm. Note that the growth behav- 
ior of the models from Cases 1 and 2 with the largest B 
values allowed by the CMB data roughly agree with the 
extremes plotted for Case 3. This implies that if CMB 
data is consistent with the cosmological constant then 
the growth behavior should lie in the region between the 
upper and lower growth curves (at least for the three case 
forms considered). 

Differences between the B — 0.131 (exact match in 
diss) model and the cosmological constant amount to 
less than 8% in the power spectrum, so the magnitude- 
redshift data would be the most incisive probe. In Fig- 
ure El we again normalize to the present matter power 
spectrum and plot the gravitational potential decay be- 
havior. Even such an extreme modified gravity model as 
the rapidly varying Case 3 cannot be distinguished from 
a dark energy parametrized by (wo,Wa)- (Note that in 
fitting {wQ,Wa) models we impose w[z) < —0.5 in the 
growth equation to match the allowed equation of state 
range of the B models, but this in fact does not affect 
the results very much.) 



7 




FIG. 4: As Fig. Qbut for Case 3 modified gravity. A fairly 
clear distinction in growth behavior exists relative to the cos- 
mological constant model, but not with respect to each cor- 
responding, simple, time varying dark energy (dashed, red 
curves). These were chosen to match the magnitude- redshift 
relation, so neither expansion history nor growth history here 
distinguishes between a gravitational and dark energy expla- 
nation for the acceleration of the universe. 



FIG. 5: The gravitational potential behavior as in Fig. |5] 
but for the Case 3 modified models (black solid curves) and 
dark energy models (red dashed curves, blue dotted curve for 
w = -1) in Fig. 21 



IV. ACCELERATION DIRECTLY 

Through the Principle of Equivalence, acceleration has 
a very direct relation to the nature of gravitation and to 
the spacetime geometry. In turn, mapping the expan- 
sion history and observations of cosmological distance 
relations, or cosmography, has a clear connection to the 
spacetime geometry. This allows future data to directly 
constrain modifications of general relativity, testing the 
framework of the gravitation theory not merely the in- 
gredients of the universe. It seems useful to try to make 
this connection between the measurements and theory 
as explicit as possible, especially in the hope of distin- 
guishing a gravitational origin for the acceleration of the 
expansion of the universe from a physical dark energy 
origin. 



A. Principles 

Starting with Robertson- Walker metric for a homoge- 
neous and isotropic universe, and imposing spatial flat- 
ness, leads to the relation between the expansion factor 
a(t) and the spacetime geometry quantity of the Ricci 
scalar curvature R: 



R = 6i^^+H^y (18) 

where H — d/a is the Hubble parameter. No dynamics, 
i.e. specific a{t) relation or physical theory, is assumed. 
Cosmography directly probes a and its derivatives, and 
hence the quantities R and H. It is possible that these are 
not the whole story, that the gravitational action contains 
other terms and so the interpretation of the observations 
in terms of the theory of gravity is more complicated, but 
so long as the metric holds, then the relation (|18|l is still 
good. (See for the case of _R~" terms in the action.) 

Observations of acceleration, a > 0, then inform us 
about the Ricci scalar. In particular, acceleration im- 
poses the condition 

R > 6iJ^ (19) 

Again, this is wholly equivalent at this level to an effective 
total equation of state parameter for the universe. 

Indeed we see that R > 6H^ corresponds to the usual 
condition w < —1/3. The use of w is purely a symbolic 
definition and does not rely on a physical link that would 
come from, e.g., employing the relation R = SttT between 
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the Ricci scalar and the trace of the energy-momentum 
tensor that general relativity provides. 

Note that consistency holds between the two ap- 
proaches of this section and ijllll In some sense we have 
modified the acceleration (a) Friedmann equation here 
and the velocity (a^) Friedmann equation in the previ- 
ous section. To demonstrate consistency, start with eq. 
^ and substitute in eq. O. Using the identity 



{H^J = AH^[{R/{12H^) - 1], 



one obtains 



1 



1 



R 
3IP 



(21) 



(22) 



Finally, since the total equation of state of the 
universe is related to the effective dark energy, or 
"parametrized ignorance", equation of state by wriz) = 
WuE,es{z)nDE,esiz), we find 



WT =WDEiSHyH^) 



1 



R 
3/72 



(23) 



as in eq. (|20|l . One can only go from eq. H2U|) to eq. 

however, if one defines an appropriate split between 
knowledge and ignorance, i.e. the flm and SH^ terms. 

The generality of the link of the total equation of state 
with the spacetime geometry and the dynamical eq. 
has an exciting implication. The equations point up the 
centrality of the variable 7^ = [R/{l2H'^)]{z), since both 
the equation of state and the Hubble expansion param- 
eter can be defined in terms of it. That is, through eq. 
(|21(l H is determined by 



/72 



(24) 



Knowledge of the spacetime quantity TZ therefore al- 
lows us to solve for H, R, the comoving distance 
r{z) = J dz/H and others, the magnitude-redshift re- 
lation m{z) = 51og[(l -|- z)r], etc. This is a powerful 
simplification. 

Furthermore, we will see in f^that 7?. = 1 is a critical 
value, corresponding to wt = — 1 (a deSitter state) and a 
universe on the cusp between ordinary acceleration and 
superacceleration. 



B. Parametrization 



with ro representing the present value and ri giving a 
measure of its time variation. This seems a reasonable 
minimal parametrization for the same reasons as with 
w{a); one might expect that the spacetime geometry 
should be slowly varying with the expansion. 
In this ansatz, the Hubble parameter is 



H = Hoa 



2(ro+ri-l)g2ri(l-a) 



(26) 



If we want to ensure a matter dominated epoch at high 
redshifts (a <C 1), then we require H to asymptotically 
vary as a^^^^, thus 



ro + n^ 1/4. 



(27) 



This leaves us with only a one parameter family and 
so we could elaborate the fitting form H25|l to allow a 
second parameter. However, we find that for redshifts 
z < 2, where most of the cosmological probe data will 
lie, the linear fit is a superb approximation to a wide 
variety of physical dark energy models - as long as the 
constraint condition eq. H27|) . unnecessary at these red- 
shifts, is not imposed. However one could certainly be 
fancier and attempt a fit that both satisfies the moder- 
ate redshift fitting and the asymptotic constraint, such 
as TZ ^ 1/4 -I- roatanh(ria) or 7?. = 1/4 -I- r2a^ -I- r^a^ 
(i.e. a cubic polynomial with the zeroth order term fixed 
by the matter domination asymptote and the first order 
term fixed by the smooth approach to this asymptote; 
thus we are left with two free parameters). But the lin- 
ear fit suffices, matched smoothly to a matter dominated 
asymptote for high redshift calculations. 

Finally, if we have a specific function TZ then we can 
derive the corresponding dark energy model, or its ef- 
fective equivalent, upon imposing a split between matter 
and dark energy, i.e. choosing fi™. The effective dark 
energy equation of state is then 



WDE,off(a) = ^(1 - 47?.) 



1-a. 



J d\ny(l-4n) 



(28) 

and the scalar field potential and kinetic energies follow 
from eqs. ()1I4|I as before. Explicitly, 

V = (l + 27?)^-^17„a-3 (29) 

K = {l-n)—-—^nrna-\ (30) 
47r lOTT 



As with the equation of state w{z), forthcoming ob- 
servational data will not be strong enough to reconstruct 
directly the entire function, here TZ{z). Instead we must 
learn about the physics encoded in it, whether gravita- 
tional or high energy, in smaller steps. Following the 
equation of state we might try to parametrize TZ in differ- 
ent models by a fitting form containing a few parameters. 
Suppose in analogy to eq. (jSJ we write 

7^ = ro + rl(l-a), (25) 



C. Distinction from Dark Energy 

As we carried out previously for the Friedmann mod- 
ifications 6H^, we can investigate the discrimination 
between this direct acceleration, or "geometric dark 
energy" , model and physical dark energy for various 
cosmological probes. Once again the straightforward 
parametrization of dark energy in terms of {wo,Wa) pro- 
vides an excellent fit to the geometry model (note that 
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this is not a consequence of the similar forms of eqs. 
(|25|l and due to the presence of matter; further- 
more, the fit is similarly successful when using TZ — 
1/4 + raa^ + r3a3). 

We examine four dark energy - Ricci geometry pairs. 
For the cosmological constant, the fit is provided by 
(''Oi^i) — (0.81,-0.73), for the time varying equation 
of state SUGRA model with {wo,Wa) = (-0.82,0.58) 
the analog is (ro,ri) = (0.69,-0.58), and for w = —0.8 
and w = -1.2 they are (0.71,-0.533) and (0.92,-0.98) 
respectively. Each pair possesses magnitude-redshift di- 
agrams agreeing within 0.01 mag out to z = 2. 

Dynamical aspects within the matter density pertur- 
bation growth equation still contain no leverage to break 
the degeneracy in any substantial way. For reference we 
write the growth equation of a linear matter density per- 
turbation S = Sp/p: 

G" + (3 + 27^)a-lG" 

+ [1 + 27^ - (3/2)ana"V(HVi?o)]a"^G = 1^31) 

where G — 5/a in the normalized growth and prime de- 
notes a derivative with respect to scale factor a. (The 
gro wth equation given a modification 5H^ is written in 

Figure El shows the growth curves for these four pairs 
of models. At higher redshift the geometric models do 
have a deviation in growth behavior relative to the dark 
energy models, but this is small. Note that we enforce 
matter domination asymptotically, matching the (ro,ri) 
parametrization onto 7?. = 1/4 at high redshift, but this 
is unlikely to be responsible for the deviation as the effect 
goes in the opposite direction, increasing the growth, and 
would enter at a different redshift than seen. 

The deviation can be seen more clearly in the gravi- 
tational potential decay behavior of Figure [T] Especially 
for the w = —1.2 case a distinction between the Ricci 
geometry and dark energy models can be seen, but this 
amounts to less than 1% difference out to z = 3. So for 
both cosmography and growth of structure, interpreta- 
tion in terms of an effective equation of state remains a 
robust path, though not one that allows us to probe all 
the details of the fundamental physics responsible. 

Studying the behavior of the gravitational potential 
in Fig. 13 does offer one possible hope for elucidating the 
physics model in more detail. At high redshift, z 3> 1, we 
expect that all models approach the matter dominated 
behavior where the gravitational potential is constant. 
This corresponds to the linear perturbation growth 5 ^ a. 
Such behavior, of the development of structure through 
gravitational instability of adiabatic density perturba- 
tions, has been broadly successful in explaining the ap- 
pearance of large scale structure in our universe. In such 
a decelerating phase of the expansion, the origin of the 
accelerating physics should be largely moot. 

At low redshift, 2 ^ 1, all the models within the re- 
gion of parameter space our universe seems to inhabit 
show a similar behavior, all the curves of <&(z) possessing 
nearly the same slope and so overlapping. This does not 
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FIG. 6: Growth factor as in Fig. |1] but for the Ricci ge- 
ometric dark energy models (red, dashed curves). Simple 
parametrizations of these models can match the behavior of 
dark energy models (solid, black curves), including the cosmo- 
logical constant. Slight deviations occur at higher redshifts. 



arise from any fundamental requirement but is a coinci- 
dence for models with behavior not too different from a 
cosmological constant and for our universe at the present 
time, not too long after the acceleration began. (A simi- 
lar coincidence makes the contours of constant age of the 
universe lie parallel to those of angular size corresponding 
to the first acoustic peak of the CMB, allowing for tight 
constraints on the age via CMB measurements H^.) 

Since the slope of the gravitational potential-redshift 
relation is therefore fixed at the two ends (roughly 1/2 
at z = and at z ^ 1), there will be some intermedi- 
ate redshift where the deviation in slope d^/dz between 
models is maximal. This in fact occurs when the dark 
energy or other accelerating mechanism begins to be dy- 
namically significant, and the changing slope or curva- 
ture offers clues to the underlying physics, localized to 
this redshift. 

Certain cosmological observations relevant to the key 
redshift range of z « 1 — 2 in fact are sensitive to this 
effect. One is the integrated Sachs- Wolfe effect (ISW), 
where the CMB photon interaction with the time varying 
gravitational potential of large scale structure in the pro- 
cess of formation leads to CMB anisotropics on large an- 
gles or low multipoles. This involves d^/drj = H d^/dz 
(see, for example, jl^). Another prospective probe is 
the CMB bispectrum, related to the three point corre- 
lation function of temperature anisotropics arising from 
nongaussianities induced by weak gravitational lensing of 
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Redshift z 

FIG. 7: The gravitational potential $(2) corresponding to 
the models of Fig. |S| Slight deviations at higher redshifts 
occur between the Ricci models (dashed red curves) and their 
corresponding dark energy partners (solid black curves). De- 
viations in slope focus on the behavior at z ~ 1 — 2. 



the CMB by large scale structure (see |2g|). This involves 
$ (d^/dz) and has been recognized to allow CMB mea- 
surements to have some sensitivity to the time variation 
of the dark energy equation of state 27] , similarly local- 
ized to z « 1 — 2. Both these methods may be able to play 
a role in breaking the degeneracy between the physics of 
the spacetime geometry Ricci term and a physical dark 
energy. 



SUPERACCELERATION AND THE BIG RIP 



As alluded to in ! )IV Al the value of the normalized 
Ricci scalar curvature TZ — R/{12H^) — 1 has a spe- 
cial role. The condition for superacceleration, where the 
acceleration increases with time, is 7?. > 1, which could 
be written WcS < —1- For the case of a physical dark 
energy component this implies that its energy density in- 
creases with expansion. An important point regarding 
superacceleration is that it corresponds to (a/a)' > and 
not (a)' > 0. That is, the conformal acceleration is the 
relevant quantity. 

This is analogous to the condition for acceleration, or 
inflation, where (aH)' > 0, meaning the conformal hori- 
zon {aH)~^ shrinks with time. Indeed such an accelera- 
tion condition is equivalent to H > —H^ while superac- 
celeration relies on iJ > 0, equivalent to (a/ a) > 0. More 
exphcitly, if i? < 12H^ then (a/a) < H'^. If this holds for 



ah future times then (a/aj < {H^} = 2H[{R/6)-2H^] < 

0. Thus superacceleration is (a/a)' > and not (a)' > 0. 
The latter condition would be satisfied by a dark energy 
equation of state ratio w < —2/3, while (a/a)' > corre- 
sponds to w < —1. 

FigurelHlillustrates the behavior of the conformal hori- 
zon in various cases, including those of Ricci geometric 
dark energy models listed by their present value of TZ. 
Those shown follow eq. H25() with constraint eq. H27|l . Any 
model with a region of negative slope is accelerating dur- 
ing such an epoch; e.g. the = 0.5 model is just starting 
to accelerate today, corresponding to wt — —1/3. The 
cosmological constant model has nearly the same accel- 
eration today as for tq — 0.8, and rg = 0.25 is the (decel- 
erating) Einstein-de Sitter cosmology. Superacceleration 
requires a slope more steeply negative than —(a?H)~^, 

1. e. —1 today. This condition for superacceleration can 
be rewritten in terms of the logarithmic slope of the con- 
formal diagram as 



dlniaH)- 
dlna 



< -1. 



(32) 



It occurs for models steeper today than tq = 1, or more 
generally 7?. > 1 or wt < — 1- 




0.4 0.6 
Scale factor a 

FIG. 8: The expansion history is plotted in terms of confor- 
mal horizon scale vs. scale factor for various modified gravity 
and spacetime geometry models. The Ricci geometric dark 
energy models (solid, black curves) are subscripted with the 
present value ro , and have the form '7?, = ro + (l/4 — ro)(l — a). 
All models are matter dominated in the past. Negative slopes 
indicate an accelerating epoch while slopes more steeply neg- 
ative than a critical value ( — 1 at the present) indicate super- 
acceleration. 



From this diagram one can read off that a model such 
as vacuum metamorphosis is accelerating today but not 
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superaccelerating. Although it acts as a component with 
w < —1, the total equation of state of the universe, in- 
cluding matter, is wt > — 1- Even a currently superac- 
celerating model like vq — 1 only began accelerating at 
z = 2, so we see that there is a relatively narrow range 
of redshifts - not "fine tuned" - when this extraordinary 
property of the universe will be evident. 

Note that such increasing conformal acceleration im- 
plies the existence of a Rindler horizon in the spacetime. 
That is, points at a distance r > 1/g from an observer, 
where g is the conformal acceleration, recede at greater 
than the speed of light and so are hidden behind a hori- 
zon [23, 1231 • Generically such a horizon radiates particles 
at a temperature T = g/(2Tr), analogous to Hawking ra- 
diation from a black hole horizon. 

Now we have seen that a component with w < — 1 , so- 
called phantom energy, leads to superacceleration. This 
implies a Bi g R ip scenario for the fate of the universe, 
according to [201 , where the increasing acceleration over- 
comes all other attractive forces. However we conjecture 
that the particle creation from the Rindler horizon gives 
an energy density in radiation that grows faster than the 
phantom energy. Illustratively, p/j ~ T** ~ (O'/o)'^ ^ Pph 
while phantom energy dominates the universe. So the ra- 
tio Pa/ Pph ''^ Pph and this grows with time since w < —1. 
Therefore at some point the radiation energy density will 
overtake the phantom energy density, shutting off the 
superacceleration. Without superacceleration the parti- 
cle creation declines, the radiation energy redshifts away, 
and the phantom energy can again dominate. Depend- 
ing on the details, this may lead either to an attractor at 
w = — 1 or a cycle of superacceleration and hot, radiation 
(and matter) dominated phases of the universe. 



VI. CONCLUSION 

To face the challenge of determining the fundamental 
physics responsible for the acceleration of the universe, 
we need to bring to bear next generation observations of 
the expansion history and possibly its dependent growth 
history. The precision and accuracy of these future ob- 
servations will guide us a long way to identifying new 
physics. We see that at the heart of the next step lies 
a single function - the effective equation of state w{z). 
Mapping this describes the cosmology; models with the 
same function, or equivalently same expansion history, 
will agree on the cosmological tests, whether distance- 
redshift, growth of structure, etc. Furthermore the sim- 
ple parametrization in terms of the present value, wq, and 
a measure of the time variation, Wa , proves extraordinar- 
ily robust regardless of the exact reason for elaborating 
on the matter density term in the Friedmann equation. 

This is not to say there is no complementarity between 
cosmological probes; indeed that is a crucial ingredient 
in constraining the values of the equation of state pa- 
rameters. And next generation experiments will be su- 
perb at achieving this. The simplicity of a two parameter 



functional form means we cannot easily appeal to "nat- 
uralness" to decide which physics model - dark energy 
or modified gravity, say - is a most likely explanation. 
Despite the models considered here, though, there is no 
guarantee that an arbitrary modification SH^ can be fit 
in terms of wq, Wa- Regardless, the function w{z) en- 
codes all the standard, "smooth" information regardless 
of origin. 

We have illustrated this for several classes of physics 
including scalar field dark energy, modifications of gen- 
eral relativity in the Friedmann equation, and direct ac- 
celeration through Ricci "geometric dark energy" , both 
in general and for specific models. Explicit examples of 
the fits were given for probes such as magnitude-redshift, 
growth factor or gravitational potential, and distance to 
the CMB last scattering surface. This held even for mod- 
els with quite large time variation of the effective equa- 
tion of state. 

One possible breakdown of the simple dark energy 
mimic ability might occur through the curvature of the 
gravitational potential decay behavior; the slope is re- 
markably model independent at low redshifts and asymp- 
totically matter dominated at high redshift, but the lo- 
calized deviation in between might provide a clue to the 
accelerating physics. Precision observations of the in- 
tegrated Sachs- Wolfe effect or the lensing induced CMB 
bispectrum, yet untested, might be useful probes for this. 

We considered the implications of acceleration in gen- 
eral, regardless of origin, through the Ricci scalar curva- 
ture. This is pleasingly directly related to the expansion 
and fate of the universe. In a conformal horizon his- 
tory diagram (Fig. |SJ) we illustrate conditions for both 
acceleration and superacceleration, and briefly discuss 
the role of superacceleration in particle production that 
could nullify the Big Rip and indeed possibly provide an 
attractor for the universe to an apparent cosmological 
constant state. 

The picture of an achievable and wide ranging goal in 
measuring wlz) is attractive. In our quest for under- 
standing fundamental physics, though, we always want 
to push deeper. The virtues of simplicity and broad ap- 
plicability contest with lack of leverage in separating the 
root causes. But it is only in the absence of new dynam- 
ics, new equations of motion, that the equation of state 
w{z) or the expansion history a(t) rules all. New terms 
- interactions or graininess - lead to complexity but a 
grip on deeper details of the new physics. This graini- 
ness could come from an observable consequence of dark 
energy perturbations or a noncanonical sound speed, sep- 
arating it from a "smooth" gravity law (though it is only 
useful if it occurs within a realm accessible to precision 
observations). Conversely, couplings in the gravitational 
sector, going beyond the Ricci spacetime geometry ap- 
proach analyzed here, could distinguish a gravitational 
origin from one of dark energy. This could arise in scalar- 
tensor theories, or metric perturbation terms h in the 
growth equation, or local curvature dependent effects SR, 
e.g. backreaction from structure formation. 
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This is rather analogous to the situation in early uni- 
verse acceleration - inflation theory. The incredible sim- 
plicity and generic power of it in solving cosmological 
and high energy physics conundra is immensely attrac- 
tive, and we shouldn't lose sight of it, just as we shouldn't 
lose sight of the crucial role of w{z). But acceleration, 
then and now, is very much more than just a deSitter 
state. We want complexity in the form of perturbations, 
tilt, gravitational waves to learn about the details of the 
fundamental physics. For the CMB, measuring 6T/T, or 
the power spectrum, is a stunning experimental accom- 
plishment, just as w{z) will be, but we want to explore 



further through nongaussianities, polarization, etc. So 
too we look forward to probing gravity, dark energy, and 
acceleration. 
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